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The rule relating the observed Hall coefficient to the spin and charge responses of 
the uniform doped Mott insulator is derived. It is essential to include the contribution 
of holon and spinon three-current correlations to the effective action of the gauge field. 
In the vicinity of the Mott insulating point the Hall coefficient is holon dominated 
and weakly temperature dependent. In the vicinity of a point of charge conjugation 
symmetry the holon contribution to the observed Hall coefficient is small: the Hall 
coefficient follows the temperature dependence of the diamagnetic susceptibility with 
a sign determined by the Fermi surface shape. 
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The unusual temperature dependence of the Hall coefficient of cuprate superconductors 
is a longstanding puzzle of the normal state of these materials In YBa2Cu306.92 for in- 
stance, the resistivity is linear in temperature while the inverse Hall angle follows a law. 
This is not easily reconciled with a single relaxation time, single band model where both of 
these quantities are proportional to the same relaxation rate. In other respects the physical 
properties are those of a single correlated band. It has been proposed that the observed 
behavior might be a consequence of spin charge separation in a two dimensional generaliza- 
tion of the Luttinger liquid; the relaxation of spinous dominating the Hall conductance, the 
relaxation of holons dominating the longitudinal conductance 0. 

In this paper we employ an approach to the correlated electron fluid provided by the 
uniform resonating valence bond state The symmetry of this state and a Fermi liquid 
state are the same, and it contains a Fermi surface for spin excitations consistent with Lut- 
tinger's theorem. The essential distinction between the correlated state and a Fermi liquid 
state is that the fermion effective mass is not required to diverge to describe Mott insulating 
behavior. This feature arises from the separation of spin and charge, with a constraint that 
the spinon and holon currents in any physical state are equal and opposite. Recently this 
model has been shown to give a good account of the high temperature thermodynamics of 
the t-J model It also gives a qualitatively reasonable account of normal state transport 
properties of a doped Mott insulator It is important to note, however, that the uniform 
model apparently fails to reproduce the temperature dependence of the Hall angle observed 
experiment ally. 

In this paper we investigate the question of the Hall conductance in greater detail. The 
strategy employed is based on the observation that cr^^ derives from the cubic term in the 
expansion of the action of the electromagnetic field in the medium; in other words it is 
a non-linear response. In the gauge model 0, the action of the physical electromagnetic 
field can be constructed systematically in terms of a small set of parameters; namely, the 
susceptibilities and transport coefficients of holons and spinous. Our aim is to do this 
consistently to third order. The combination rule which relates the physical Hall current to 
the spin and charge responses, and corrections to the linear response are obtained in this 
way. 

Spin and charge degrees of freedom make independent contributions to the effective 
action of the gauge field. Both species couple to the fictitious field a, which imposes the 
constraint. Coupling to the physical electromagnetic field A, with coupling strength, e, is 
chosen to be via the bosons. With the choice of gauge aQ = Aq = the action is [0: 
S = dr J d^xC, the Lagrangean density being 



where m,p and j are effective masses, densities and currents respectively. We omit the action 
of the free electromagnetic field. Integration over the particle fields yields an effective action 
for coupled a and A fields: 
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S[a,A] = -(a + eA)2nf 
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^(j) aiiLi j-j-fe(j) are the boson and fermion two and three-current polarizations. (The form 



of the three-current polarizations are shown in Fig. ^) We use a shorthand notation; for 

instance uf^a^ represents J2pLj,qiy^'f^^ {p^ ^'■i ^)(^puj(^qu(^-p-q~oj~u, with indices a,(3 = {x,y} 
and Matsubara frequencies z/ = 2im/(3. The physical current (equal to j;,) flowing in 
a given external field is the derivative of the effective action of the electromagnetic field 
S[A\ with respect to A. Since the Hall current is proportional to A^, we must retain terms 
to cubic order in Eq. (H). Higher order non-linearities not written explicitly are of course 
required for stability. 

The a field integration is performed to get the effective action for the A field alone. 
Before doing this, it is useful to extract the contribution from the quadratic terms of Eq. (^ 
to S[A]. Making the change of variable a = a + +I{f)-^A and regrouping terms, 

we find: 
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-^^[^f^Al + Hf A)]- log Z[A] 
Here A^, and Aj are the 'screened' external fields: 

A'^{kuj)= nf{kuo){Yil\kuj) + Yfp{kuo))-^A\kuo) 
A]{kuj)= -Uf{kuj){U^,''{kuj) + U''f^{kuj))-'A^kuj) 

and Z[A] is: 
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Z[A] = J ddexp 
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The derivation leading to Eqs. (0)-(|) preserves the constraint at every step. As a check 
note that at zero holon density the holon polarizations vanish and that the screening factor 
appearing in of Eq. (|) is zero; thus S[A] is independent of A and no physical currents 
flow in the presence of external fields in this limit. 

To expand S[A] in powers of A, Z[A] is computed in a saddle point approximation 
and a systematic expansion of logZ[74] is made. The expansion to third order is shown 
diagrammatically in Fig. ^ In the absence of external fields, the saddle point value (a) is 
zero; for finite A the shift is 0{A'^). This shift in the saddle point contributes at third order 
and is responsible for diagrams of Fig. ^.d. 

The symmetries of the underlying model Eq. (|ID constrain the form of the polarizations 
H and are essential in analysing the diagrams of Fig. |. In addit ion to translations in 
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space and time and permutation symmetry, the polarizations respect inversion symmetry 
11°'^'^ [k, uj-jP,!/) = —Il°'^'^{—k, —p, u). Moreover, invariance under static gauge transforma- 
tions a(r,r) a{r,T) + V f{r) implies th.aX 5^fik°'I\"^ (ku) = and 6^fik°'Il°''^'^{k,uj;p, z/) = 
P). A special case is 11°''^^ {k,uj; —k, —u) = ll°''^'^{k,u;0,0) = 0, which guarantees that the 
effective action is independent of A^q. Thus the first order diagram Fig. ^.a vanishes by 
gauge symmetry. 

The polarizability functions appearing in the expansion of logZ[y4] are parameterized 
by responses of bosons and fermions. For instance, for fermions, 11°^ (g,^) = (5°^ — 
g"g^/g^)7r/(gco') + (5'"g'^/g'^)vr/(g, cj), where the transverse part 7r/(g, tu) = X/Q'^ + (^fl^l 
and the longitudinal part nf(g,u;) = vju'^/q^. Here cx/ is the conductivity, Xf the or- 
bital response, and vj is the compressibility. Gauge invariance implies that the expan- 
sion of Iif\k, Q; -k + q,-Q + u) be gins at first order in u and q. Thus for instance, 
11^^(0, fl] q^, —Q) = ia^^q^Q where aj^ is the Hall response of spinous. 

The quadratic diagram [3.(b)] gives the first corrections to the combination rule (first 
term in Eq. (^) for the conductivity and diamagnetic susceptibility obtained at the gaussian 
level 0. Since this diagram contains two factors of H*^^) it yields terms proportional to u;^, 
ujq or g^; thus the correction to the conductivity rule a^^ = + aj^ vanishes. There is a 
finite correction to the physical susceptibility (x) which can be expressed as: 



where Xg^ is the gaussian result Xb'^ + X/ ^ and T is the coefficient of the term of diagram 
Fig. ^.b. The low doping limit defined by Xb Xfi ^b -C o"/, a^^ -C is the regime with 
marked non- Fermi liquid properties Counting the combination of screening factors and 
boson polarizations shows that T is proportional to 5^. The correction is negligible close to 
the Mott transition, above the holon degeneracy temperature. 

More precisely, in the low density limit the dominant contribution to T arises from the 
fermion polarizations: 
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The Hall conductance corresponds to the second term of Eq. (H) and the saddle point 
contributions Fig. |[c,d. For the Hall geometry of Fig. |l] with small external momenta g, 
and 0,ciJ, diagram (c) gives a vanishing contribution to the Hall current since it yields terms 
proportional to uPq or q^uo. Diagram (d) however makes a finite contribution since it leads 
to terms proportional to iujq. Dividing by the physical conductivity we find 



Rh = - Rii^^ + {Rh + Ri)^^ (8) 

Xf + Xb Xf + Xb Xf + Xb 
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where A is the coefficient of the term of diagram Fig. ^e. The first two terms in Eq. 
are identically the combination rule for the Hall conductance already used in the literature 
PJTO[] . In our convention, R^^j is negative for a hole-like fermi surface. The screening factors 
express the fact that the effective magnetic fields experienced by holons and spinous are 
different and have a simple heuristic derivation 0. 

In the low doping limit, inspection of diagram [3.(d)] shows that A is proportional to 5; 
we estimate (as above) A ~ —ajXh- Thus Rh — R\j since the boson contribution diverges as 
5~^. Within Drude-Boltzmann theory, R\j is weakly temperature dependent and so Eq. 
leads to a temperature independent Hall coefficient at low doping |TT| . 



The formalism developed above is valid beyond the low doping limit. It is especially 
interesting to apply it close to a point of charge symmetry in the lower Hubbard band. The 
significance of this symmetry for transport in strongly correlated systems was first discussed 
by Beni and Coll [|l^ who studied the thermo-electric power in the one dimensional Hubbard 



model. In common with the Hall effect, the thermopower is odd under charge conjugation; 
it vanishes in the infinite U limit at the point of effective charge symmetry (quarter ffiling). 
Similarly, the three-current polarization (and in particular cr^^) vanishes identically in a 
charge symmetric system. 

For half filling of hard core bosons on a lattice with arbitrary off-site interaction Vij, the 
model H = tijblbj — ^J^iJi'i + J^i^VijUiUi is invariant under the charge conjugation 
bj bi- Half ffiling for holons corresponds to quarter filling of the lower Hubbard band. It 
is worth emphasising that a lattice effect underlies this symmetry. 

When Hp"* = the corrections to the susceptibility Fig. ^.b and Hall effect Fig. ^.d are 
simply related: T = Axb/{Xb + X/)- Then, combining Eq. (|) and the expression for the 
diamagnetic susceptibilty Eq. (13) 
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where the second line assumes Xb Xf estimating A ~ —CTfXb (as above). 

According to Eq. (^) the Hall coefficient follows the temperature dependence of diamag- 
netic susceptibility. If charge symmetry occurs in the non-Fermi liquid regime x ~ T^-^ then 
Rh ~ or cot ~ with a sign which is determined by Rh. The possibility that con- 
jugation symmetry may be present for charge but not for spin is an elementary consequence 
of spin charge separation. Eq. (|^) suggests that this can have dramatic consequences in a 
Hall effect experiment. 

Crystalline YBa2Cu306.92 displays the strongest temperature dependence of Rh- Sus- 
ceptibilty anisotropy measurements [|T^ on this material can be interpreted in our units as 
a diamagnetic susceptibility Xd ~ X/(100-ft'/T) where Xf ~ 200K 0. If R^j ~ —1, then 
Eq. (P) could account for the observed Hall coefficient. The observed small magnitude of the 
thermopower is also consistent with a small holon contribution. However we caution that S 
in this material should correspond to about 0.2, which is far from quarter ffiling {6 = 0.5), 
the naive the point of charge symmetry. 
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To summarize, in this paper we have done two things. Firstly, wc have confirmed that 
the spin charge separation present in the loffe-Larkin action leads to ~ S^^ and weak 
temperature dependence at low doping. Secondly, we have pointed out that a tempera- 
ture dependence, which agrees qualitatively with experiment, occurs near to point of charge 
symmetry if the system is in a non-Fermi liquid regime. This anomalous temperature de- 
pendence is a direct consequence of spin charge separation as in the Luttingcr liquid theory. 
Nevertheless the predictions are distinct from the latter which leads to strong temperature 
dependence independent of doping. 

The authors thank J. Cooper and members of his group for explaining the experimental 
situation, G. Gavazzi, T. Hsu, B. Dougot, D. Khmelnitskii and B. Farid for discussions and 
the hospitality of the Institut Laue-Langevin where part of this work was done. 
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FIGURES 



FIG. 1. In the presence of crossed electric and magnetic fields, a transport cur- 
rent j^ o = '^'^^i'^^Zfii ^ diamagnetic current = X^-QxAq^^ and a Hall current 
j-ui,-qx ~ A^fi^o^q^ flow. The Hall current is conjugate to the field A^_^^_g^. 

FIG. 2. Three-current polarizations: H"^t = - ^S'^'^{pp) - ^5°^^ {pjf^) - 

The three-current correlation function is given by diagrams (a), the density-current correlation 
functions by diagram (b). 

FIG. 3. Expansion of the logZ[yl] contribution to the electromagnetic action. Dashed lines in- 
dicate the gauge field propag ator {nf^ +Ilf)-'^ . Crosses accompanying external lines carrying the 

(2) (2) (2) 

frequency and momentum of the external fields indicate screening factors Pb = n) 7(n)^ + 0, 

(2\ (2\ C2) 

Pf = /(II/ + )• Three-current polarizations are of four types: circles with no crosses 

indicate nf ^ + , with one cross P^nf ^ + Pf^f , with two crosses P^Tlf^ + P]^f\ with three 
crosses -P^ H^^^ -|- Pj^^f^ ■ (a) Linear contribution vanishing by gauge symmetry, (b) Quadratic 
term, giving a contribution to the diamagnetic response for in-going frequency zero, (c) Cubic 
diagram with vanishing contribution to the hall current, (d) Cubic term giving a finite correction 
to the Hall current, (e) The correction factor A computed in the text. 
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